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which can be approximately computed through eigen-
decomposition on D [4].

Thus, the primary challenge is to define an input
space distance metric Dxi,xj that captures the appro-
priate properties of observed data x. If we know that
our data is structured by a linear subspace, such as a hy-
perellipsoid, PCA would be the appropriate technique
for dimension reduction. PCA is arguably the most pop-
ular and well-known dimension reduction algorithm and
is equivalent to MDS with a Euclidean distance ker-
nel [54]. However, PCA is more commonly computed
an eigendecomposition on a linear covariance matrix to
find an orthogonal subspace of principal components
that compactly approximate the input data.

Isomap [4] avoids such linear restrictions through a
geodesic distance kernel computed by global propaga-
tion over pairs of closely related neighbors. This algo-
rithm is essentially MDS with a geodesic distance ker-
nel (approximated by the Dijkstra shortest-path [55]).
Isomap can be summarized by a three step process:
1) finding the nearest neighbors of each point forming
a neighborhood graph or sparse pairwise distance ma-
trix; 2) computing shortest-path distances between all
pairs in the neighborhood graph to complete the dis-
tance matrix; and 3) embedding the full distance matrix
into de dimensional coordinates through MDS. A key
insight of Isomap is that Euclidean distances between
local neighboring data pairs are valid, but not between
non-neighboring data pairs. Relationships between non-
neighboring pairs must be established through global
propagation of valid local relationships over a neighbor-
hood graph. PCA can be seen as Isomap where all data
points are connected by a neighborhood edge, resulting
in an overwhelming number of incorrect “short-circuits”
in the shortest paths of nonlinear data.

3.2 Issues for Time-series Data

Isomap and PCA are not necessarily suited for time-
series data due to their assumption of the observations
as independently identical distributed data; that is, in-
dependent samples from the same manifold parame-
terization. Time-series data are not independent, but
rather trajectories, or sequentially ordered samples from
an underlying dynamical process. In this respect, each
input datum can be seen as its own local dynamical sys-
tem that is influenced by its predecessor and influences
its successor. For such data, a kernel based on spatial
distance alone will be unable to reflect these temporal
dependencies.

One straightforward means to account for dynami-
cal observations is to add additional dimensions for a
temporal history, similar to a phase space in physics.

(a) 2D input trajectory (b) Isomap embedding

(c) Windowed PCA (side) (d) Windowed PCA (front)

(e) ST-Isomap (cctn=100) (f) ST-Isomap (cctn=106)

(g) Local ST correspon-
dences

(h) ST-Isomap distance ma-
trix

Fig. 2 (a) A 2D mouse-click trajectory color coded from blue to
red to indicate progress through time. (b) Embedding of the tra-
jectory using standard (spatial) Isomap. (c,d) Two views of the
“windowed PCA” for data with extended horizons. (e,f) Two ST-
Isomap embeddings illustrating the time-series registration that
occurs from higher cctn values. (g,h) The spatio-temporal corre-
spondences (neighbors) and the spatio-temporal distance matrix
computed by ST-Isomap.

Towards this idea, we used a “windowed MDS” (or
windowed PCA) with a temporal horizon kernel, where
each input data object is a temporally extended win-
dow of observations, xi ← {xi . . . xi+s, over a fixed
length horizon, s timesteps in the future. Adding time-
extended dimensions serves to disambiguate data pairs
that are spatially similar but dynamically distinct. Such
data pairs would represent different phases of the un-
derlying dynamical process. For example, points at the
intersection of a “figure eight” pattern can be distin-
guished through windowing. Another example is the a
“Two Moons” data in Figure 2 where 2D mouse trajec-


